Theory of nuclear magnetic relaxation in antiferromagnetics treated in the preceding paper for non-magnetic ·ions is extended to the case of magnetic ions. Strong hyperfine interactions and quadrupole interactions are the distinctive feature of the problem. The line width and the relaxation rate are calculated by using the spin wave approximation at low temperatures and the model of Gaussian random modulation at high temperatures.
In the preceding paper>, referred to below as I, the writer has presented a theoretical treatment of the nuclear magnetic relaxation of non-magnetic atoms in antiferromagnetic substances. The predominant relaxation mechanism in that case is provided by magnetic dipolar field coming from electron spins modulated by exchange interaction. The relaxation time of protons in CuC12 • 2H20 calculated by using the spin wave approximation agreed well with the experiment both in the order of magnitude and in the nature of temperature dependence. On the other hand, for fluorine re&onance in MnF2, the same mechanism has proved to be insufficient for explaining the reported absence of the resonance, and this compelled the present author to expect a hyperfine interaction between F nuclei and the unbalanced valence electron spins on F ions. This anticipated unbalance of spins was considered to result from the existence of a partial covalency in the crystal and the asymmetric arrangement of Mn + + ions around each p-ion in MnF 2 • In the present article, we shall extend our consideration to the nuclei which belong to the magnetic ions. In this case a nucleus is subjected to a very strong magnetic field due to the hyperfine interaction which is 10 2 -10 3 times as large as the dipolar field from different magnetic ions, and its order of magnitude is 10 5 -10 6 gauss. We expect, therefore, high resonance frequencies, broad line widths, and short relaxation times, and in some cases even the impo~sibility of observing the resonance. However, there is an effect of exchange narrowing which favours the observation of the resonance. Though the fluctuating local magnetic field is very large, its effect on nuclei is much diminished by a very ra.pid modulation due to the exchange interaction. Among the frequency spectra of the local magnetic field, only the low frequency components can contribute to the line width and the relaxation. As was seen in I, the low frequency components of the local field spectra decrease very rapidly at low temperatures as temperature is lowered, so that the observation of the resonance seems to be possible at least at very low temperatures.
The present circumstances of the exchange narrowing correspond to the case of extreme narrowing where several authors 2 >,a> pointed out for certain cases that the relation T 1 = T 2 holds. In our case this relation will cease to hold below the Curie point because of the anisotropic nature of the electron spin fluctuations. For protons in CuCl 2 • 2H20, this relation should approximately hold though this contribution to the line width will be overwhelmed by the dipolar broadening due to the nuclear moments. On the other hand, for those nuclei which belong to the magnetic ions, we expect that there is a certain temperature range where not only the relaxation rate but also the line width originates predominantly from the hyperfine interaction.
In the following sections we shall at first give the formulas of T 1 and T 2 for the nuclei which belong to the magnetic ions. ln treating the exchange interaction we shall make use of the spin wave approximation below the Curie point and the model of Gaussian random process above the Curie point, as we did in I. At first in § 2 the quadrupole effect is neglected for brevity. The order estimations given in § 3 predicts that though the observation of the resonance absorption will be difficult above the Curie point, it will become possible at very low temperatures. In § 4 we shall deal with the effect of the quadrupole splitting and show that this causes no serious change in the line width. Finally, some discussions about the results obtained and some remarks on future experiments will be given in § 5. § 2. Formulas for line width and relaxation time
We shall here deal with a simple case where quadrupole interaction is absent. The magnetic field at a nucleus is produced not only by electrons on the nucleus but also by electronic spins on the other ions. The former contribution (hyperfine interaction) is much larger than the latter one (dipolar interaction). Hence, we may safely neglect the latter contribution, whose order of magnitude may, however, be inferred from the results of I.
We assume with considerable generality that the principal axes of the anisotropy of the electron spins and those of the hyperfine interaction coincide, and denote them as 
Now, we shall calculate the line width and the relaxation time. This is a problem of exchange narrowing. A theoretical treatment of exchange narrowing was given by Anderson and Weiss 4 l as well as by Kubo and Tomita. 3 l The former deals with the line shape and is based on the adiabatic approximation and the model of Gaussian random process, while the latter is a perturbational approach including explicitly the adiabatic and nonadiabatic effects as well. A general formula for T 1 is also given by the latter. We shall here use chiefly the latter method.
The line contour is obtained as the Fourier transform of the correlation function, which ca11 be calculated by perturbation method following Kubo-Tomita's procedure. We get for the line contour l(w) = [e~..,t-'!'(lldt, 
7:o= J~{o(•)dr:,
This gives a Lorentzian line shape whose half width is ( 1) paramagnetic region T > T 0 In the paramagnetic region, where as::::::s, the model of Gaussian random modulation seems to be reasonable. 4 > Basing on this model we calculated in I the correlation functions of the electronic spin of an ion at high temperatures. The result at sufficiently high temperatures was
where J is the exchange integral times -2, and z the number of nearest neighboring magnetic ions. Substituting (2 · 16) in (2 · 9) we get al=S(S+1) (a 2 A/+f?2Al+r 2 An/31l,
As the condition w.';P cv0 is usually satisfied, we can use (2 · 12), (2 · 13) and (2 ·15) for the calculation of T 1 and T 2 • The reo.ults are
When the hyperfine interaction is isotropic, we get
Tl=T2.
This holds also when we take directional averages of (2 ·19) and (2 · 20).
(2) antiferromagnetic region T < Tc
Below the Curie temperature an antiferromagnetic ordered arrangement of spins takes place. At low temperatures, spin deviations can well be described by the spin wave approximation and the correlation functions, ( {oS.(t)oS.}) and ( {6S+ (t)6S_} ), are obtained in a closed form or in the form of the Fourier transform of the frequency spectra which can explicitly be written. As was already seen in I, the frequency spectra can be divided into two parts, namely, the low frequency part and the high frequency part ; the former arises from the interference of two spin waves, while the latter consists mainly of the spin wave spectra. Both of these two components are functions of temperature; the former vanishes at 0°K while the latter does not, since the zero point motion contributes to the latter.
The high frequency components are all located in the region of higher frequencies than the lowest spin wave frequency Wmin=2Svz]Kjh (K: anisotropy constant), which is far larger than rNAII1SI, so that they make no contributions to the line width.
The low frequency components make a heap widely spread around zero frequency. Therefore, the Fourier transform of the low frequency part decays rapidly with the lapse of time, so that the argument for the case of extreme narrowing may be applicable. We get the following results (See Appendix):
The relation 1/T1 =2/T/ remains valid also below the Curie point.
(2 ·25) Now, we have only to calculate •o' and -r/. The correlation functions of the spin deviation were already calculated in I with the use of the spin wave approximation. If we take account of terms up to the fourth order with respect to the spin wave creation and annihilation operators, ( {3S.{t)3S.}) has low frequency components while ( {3S+(t)3S_}) has not ; the low frequency components of the latter appear in the ~ixth order terms. We shall neglect the latter. Then -r/ vanishes and the following results are obtained:
where, from the result of I, (2. 26) (2·27) (2 ·28) Here N((IJ) denotes the normalized state density of spin waves and a is defined by a= 2Kj z]. The expression (2 · 28) was obtained by using the two-sublattice model with uniaxial anisotropy. In the previous paper, I, we have calculated (2 · 28) adopting the long wave approximation for the spin waves. § 3. Order estimation of T 2 and T 1 We shall now estimate the order of magnitude of T 2 and T 1 for some antiferromagnetic substances making use of the formulas derived in the previous section. We neglected in the previous section the effect of the quadrupole interaction, though actually any nucleus of iron group elements has either both magnetic dipole and electric quadrupole moments or none of them. Accordingly, it seems at first sight that the formulas derived in the previous section cannot be directly applied to the real cases. However, as we shall see in the next section, the order of magnitude of the line width 1/T 2 is not appreciably changed by taking account of the quadrupole splitting, and 1/T1 does not exceed 1/T2• The order estimation given below will be of use in predicting whether the observation of the resonance absorption is possible or not.
(1) paramagnetic region T> Tc Estimated values of we and T 1 = T 2 are tabulated in Table 1 . We see that the expected order of magnitude of T 1 and T 2 is, for any substance, shorter than lo-r.
sec. and accordingly it seems that the observation of the resonance absorption is impossible or at least very difficult in the paramagnetic region. The result is shown in Table 2b . These order estimations predict that at very low temperatures the line width is narrow enough to permit experimental observations. One should not here lay stress upon the figures in the tables ; they are only of order of magnitude significance. § 4 
. Effect of quadrupole interaction
As we have already stated, any nucleus of iron group elements which has a magnetic moment has also an electric quadrupole moment. Accordingly the resonance spectrum splits usually into several lines. The electric field gradient to which the nucleus is subjected may be considered to be caused mainly by d-electrons. If we neglect the other origins, both the electric field gradient tensor f7 E and the hyperfine interaction tensor will have the common principal axes. This statement is also valid when the contribution of the crystalline field to f7 E is taken into account unless the crystalline field has unusually low symmetry such as in CuC12 • 2H20.
The calculation of the line width of each split line is rather complicated. However, the broadening due to the secular perturbations can easily be calculated while the nonsecular effect is of the same nature as the thermal relaxation effect which can easily be treated. We may regard the latter as a measure of the non-secular broadening.
As for the thermal relaxation, a single characteristic time will in this case not be sufficient to describe the whole relaxation phenomena. We calculate here the thermal transition probabilities corresponding to the transitions between any two levels.
We shall now deal with the following two cases, where temperature is always lower than the Curie point : 
where
A±=A1 ±A2•
At first we shall calculate the eigen-values and the eigen-functions of ( 4 · 3). As the electron spins point almost in the ± z directions, the first term will be greater than all the others. The quadrupole interaction is usually smaller than the hyperfine interaction by a factor of about 10. We may use the perturbation calculation regarding the first term as an unperturbed Hamiltonian and the other terms as perturbations. We get
where rftm means the nuclear spin function corresponding to the state I. =m. 
where 1/T/ is the line width due to the Eecular effect and ro' is defined by (2 · 25).
Comparing this result with § 2, we see that the effect of the external field and the quadrupole interaction on the line width appears as a multiplicative factor Therefore, when the quadrupole interaction is far smaller than the hyperfine interaction the line width of each split line is not remarkably changed from that before the splitting, though the relative line width changes from line to line since F1 (I, m) and F 2 (I, m) take positive as well as negative values. Even when the quadrupole inter:~ction is not small and the perturbation calculation is not justified, the multiplicative correCtion factor will remain of order unity. Next we shall turn to the thermal transition probability. The following formula is useful :
From ( 4 · 4), ( 4 · 5) and ( 4 · 6) we calculate the transition probability corresponding to m--7m-1. The result is
Here r/ was again neglected. We see from this, referring to § 2, that the effect of the quadrupole interaction appears as a multiplicative factor This factor remains of order unity even if the quadrupole interaction is so large that the perturbation calculation is not justified.
When the external field is absent ( 4 · 14) vanishes. Even when there is an external field the factor B+B-/B 0 2 is usually very small and accordingly (4·14) is very small. The actual thermal relaxation will be provided by other mechanisms, e.g. the dipolar field coming from the other ions or the low freque11cy part of ( {JS+ (t) JS_}) which was neglected above. Any way, we may expect in this case
We shall here discuss on the Cu-re onance m CuCl2 • 2H 20 . The crystal structure has orthorhombic symmetry and the antiferromagnetic ordering occurs along the a-axis. 7 > However, the crystalline field around a Cu++ ion has a lower symmetry and its principal axes do not coincide with the crystal axes.
We may take the common principal axes* for the hyperfine and quadrupole interactions and denote them as ~' '1), (. Considering the crystal symmetry, the b-axis proves to be a principal axis. The coordinate transformation between x=b, y=c, z=a and ~' r;, ( may be written as 
where (4·24) amm' and the eigenvalue Em are obtained by solving the fourth order secular equation.
Here we have recourse simply to the perturbation calculation. The results given below are up to the second order. 
We see that when the quadrupole interaction is small as compared with the hyperfine interaction, the relation 1IT2 ';P W holds. Moreover, the transition probabilities corresponding to 1 I 2 +---+ -1 I 2 and 3 I 2 +---+ -3 I 2 are far smaller than the others so that the bypath relaxations 1 12+---+ ± 3 12+---+ -1 I 2 and 3 12~ ± 1 I 2~-312 will overcome the direct ones. Any way, the relaxation in this case depends primarily on the quadrupole interaction.
According to the paramagnetic resonance data on certain diluted crystals 5 > we have for copper PIA-10-1 and accordingly PI 2 IAIS-1I3. Though the values of P will be different from this in CuCl2 • 2H20, the magnitude will be of the same order. Therefore, the perturbation calculation may not be very good. Experiment will make this point clearer.
The line widths of the absorption lines will be of the same order of magnitude as those calculated in § 3 whatever the quadrupole interaction may be, while the relative magnitudes of the line widths will depend on the quadrupole interaction. § 5. Discussions
The arguments given in the preceding sections are based, below the Curie point, on the spin wave approximation which is considered to be very good at sufficiently low temperatures. In fact, for T 1 of protons in CuCl2 • 2H20 this approximation gave a result which agreed well with the experiment. Therefore, the predictions given above seem to be likewise reliable.
We expect that the nuclear resonance of the transition elements in antiferromagnetic substances will be detectable at very low temperaturea. This is the inference drawn from the understanding that only the low frequency part of the fluctuating magnetic field can contribute to the line width and to the relaxation. The low frequency components of the frequency spectra are strongly dependent on temperature and they decrease markedly as temperature is lowered. gL(w) and gH(w) are schematically drawn in Fig. 2 This is a very small quantity and is naturally neglected. This is also the case when g H ( ltJ) has a finite number of maximums. We have so that
x(t) =It I J~ ( {aS(r) as} )dr.
We get (2·22)-(2·25) in the same way. 
